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CHANGE OF RINGS
IN DEFORMATION THEORY OF MODULES

RUNAR ILE

ABSTRACT. Given a B-module M and any presentation B = A/J, the ob-
struction theory of M as a B-module is determined by the usual obstruction
class o, for deforming M as an A-module and a new obstruction class o, .
These two classes give the tool for constructing two obstruction maps which
depend on each other and which characterise the hull of the deformation func-
tor. We obtain relations between the obstruction classes by studying a change
of rings spectral sequence and by representing certain classes as elements in the
Yoneda complex. Calculation of the deformation functor of M as a B-module,
including the (generalised) Massey products, is thus possible within any A-free
2-presentation of M.

1. INTRODUCTION
In this article we study the following functor of infinitesimal deformations.

Definition 1. Let A be a (commutative) flat O-algebra where O is a local complete
Noetherian ring with k as residue field. Let A = A®ok and let M be an A-module.
Define Artp to be the category of local commutative Artinian O-algebras R with
residue field £ such that the composition O — R — k equals the canonical map from
O to its residue field. Morphisms are maps of local O-algebras. The deformation
functor of M is a covariant functor

Def]’\q/[ : Artp — Sets,

where Defﬁ (R) is the set of equivalence classes of deformations of M to R. A
deformation (or flat lifting) of M to R is an Ag := A®o R-module My, flat as an R-
module together with an Ag-linear map 7 : Mr — M with n®rk : Mr®RRrk = M.
Two deformations are equivalent if they are isomorphic above M. Maps are induced
by tensorisation.

Remark 1. One natural choice for O is as the hull of the deformation functor of
A as a k-algebra, with A the formally versal formal family which in particular is a
flat O-algebra with A®pk = A. In the case O = k we have A = A and the article
might be somewhat easier to read with this assumption.
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More generally, let F' : Arto — Sets be a covariant functor with F(k) a one-
element set. M. Schlessinger [19] formulated a sufficient and necessary set of cri-
teria for the existence of a complete local ring H, called a (pro-representing) hull,
and a formally versal formal family {M,}32,, a projective system with M, €
F(H/nm’; 1), where n = m%, + moH such that the induced map

p: Homg)ftailg./k(Ha -)—F

is formally smooth and an isomorphism on the relative Zariski tangent space. F
is called pro-representable if p is an isomorphism. Most deformation functors have
hulls if the relative Zariski tangent space of F' is finite dimensional.

Example 1. Let p : IT — Gl, (k) be a continuous representation of a profinite group
1T satisfying a p-finiteness condition, where p is the characteristic of the finite field k.
Define the deformation functor Def , : Arto — Sets as equivalence classes of liftings
p: I — Gl,(R) of p. Here O is a “coefficient ring” with residue field &, typically
O = W(k), the Witt ring of k. If II is the Galois group of a number field, one
obtains what B. Mazur has termed deformation theory of Galois representations;
cf. [17). If A = O[[MT]] and M = k™ with the A = k[[II]]-module structure induced
from p, this deformation functor is canonically isomorphic to the one in Definition
[l (we have to allow for non-commutative algebras A). By applying the Schlessinger
criteria, Mazur proved that Def, in general has a hull, and is pro-representable if
p is absolutely irreducible; see [16].

Example 2. If O = k is an algebraically closed field of any characteristic and M is
a finitely generated A-module (and A is an algebraic k-algebra, i.e. the Henselisation
of a finitely generated k-algebra at a maximal ideal), locally free on the comple-
ment of the closed point, there exist algebraic versal deformations of M [5 22].
A. Ishii [I2] has constructed a filtration of the versal base spaces (with reduced
structure) of all reflexive modules (including the decomposable ones) on rational
surface singularities and has determined the local deformation relation of the re-
flexive modules on the rational double points. These mini-versal base spaces are far
from being (locally) “coarse” moduli spaces. In particular, the deformation func-
tors of these reflexive modules restricted to Artinian rings are not pro-representable.
Indeed there is only a finite set of isomorphism classes of reflexive modules of fixed
rank on a quotient surface singularity, yet the singular versal base has complicated
geometry.

Schlessinger did not provide any effective construction of the hull. The only
known general method to compute H given M is via a natural obstruction class.

Definition 2. A small lifting situation is a surjective map m : R — S in Artp,
where ker 7 is contained in the socle of R, i.e. mp - kerm = 0, and a deformation
MS of M to S.

The obstruction class is then an element o, = o (7, Ms) € H?® ker 7, where H? is
the second cohomology group of the object M. If F' = Def]‘?/[, then o, = o, (m, Mg)
and H? = EX‘L%(M , M). The obstruction class is natural with respect to morphisms
of the lifting situation. There exists a lifting of Mg to R (or a prolongation of the
deformation Mg to the “thicker” Artinian neighbourhood Spec R) if and only if
this obstruction class is zero. The obstruction class has been constructed for many
deformation functors, e.g. [10} [T} I4]. For axiomatic approaches see [1 [6, B].
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If F has a hull, there is a universal element M; € F(H,), where H, = k[H'"] =
k@ H'" and H! is the relative Zariski tangent space; H' = F(k[¢]) (naturally a
k-vector space). In the case F' = Def}@ ,H! = Extlz(M, M) and M is given by the
universal extension

(1) Mi: 00— MeyBExty(M,M)* — M; =5 M — 0.

The construction of H then proceeds through successive “prolongations” of M; to
thicker Artinian O-algebras through small lifting situations, at each step calculating
the obstruction. If this is done correctly, one obtains power series in T, contained
in m%l +meT"!, one (possibly “0”) for each generator in T of the relative cotangent
space, where T is the completion of the free O-algebra which has H’ as relative
Zariski tangent space for 4 = 1,2. This defines an obstruction map o* : T? — T,
which is naturally compatible with the obstruction class o, (see Definition [H), such
that H = T &@r20.

The existence of an obstruction map is provided by O. A. Laudal rather ab-
stractly for a deformation functor of a small category of algebras in [I4] Thm.
4.2.4] (see also V. P. Palamodov [I8 Thm. 5.6] (without proof) for compact an-
alytic manifolds) and for Deff; and O = k with explicit Yoneda-representations
of the generalised Massey products in [15]. For an axiomatic existence theorem,
see [8] Thm. 2.3.10]. It shows that the existence of a natural obstruction class,
together with a natural action of the tangent space on the set of liftings in a small
lifting situation, implies the existence of an obstruction map for F. Once we have
an obstruction map, the general Krull dimension estimate

dimk H1 2 dimKrull H— dimKrull @) 2 dimk H1 - dimk H2

follows. (See also [13].)

In practice it is difficult to give non-trivial results about the obstruction map;
the usual application is some variation of H? = 0 = H is smooth. In fact, very
few classes of examples of deformation functors have been given for which anything
beyond the general Krull dimension estimate is known. By studying modules, one
can at least calculate examples as there exists an effective obstruction algorithm.
In the present paper we provide a refinement of the obstruction map for modules
which has both theoretical and computational consequences. For an application of
these ideas, see [9].

Let B be a flat O-algebra which is a quotient of A, let J = ker(A — B) and
assume M is a B = B®ek-module as A-module, i.e. that J = JQok C Ann(M).
Suppose we want to study the deformation functor of B-modules Defﬁ . The B-
cohomology of M may be complicated while A can be chosen as a simpler ring.
There is a natural injective map Defk; — Def%; and the ideal J acts on an A-
deformation Mg of M to R through the Ag-action. Let Defg\?"]) - Def]‘?/[ be the
sub-functor of A-deformations annihilated by J.

Lemma 1. Let A and B be flat O-algebras and M a B = BRek-module. Let J be
an ideal in A and assume B = A/J. Then

Def%, =~ Defg\?"]) .

The main idea in this paper emerges from Lemmal[lt Lift M as an A-module with
trivial J-action and only use A-cohomology to characterise the tangent space and
the obstructions. In Theorem [l we give a new obstruction class o, which exists (in a
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small lifting situation) if the obstruction o, for lifting M as A-module is zero, such
that o, = 0 if and only if there exists an A-lifting with trivial J-action. In fact o,

will sit in the cokernel of a natural map 05 : Extlz(M, M) — Homz(j7 End+(M)).

Moreover, the kernel of this map is the tangent space of Defg\?"l).

With two natural obstruction classes we construct two obstruction maps (0*, 07),
in Theorem B] which are compatible with the obstructions (see Definition B)). The
obstruction maps are defined if the cohomology k-vector spaces are of countable
dimension, as in [14]. Remark how these maps depend on each other. In particular,
it is not true that o* in the pair (0*,0”) is induced by o* for Def]’\q/[ as we clearly see
in Example Bl This example also shows that much of the obstruction space is not
necessarily “hit” by obstructions (at least as long as we do not deform over non-
commutative Artinian algebras). Theorem [3] compares (0*,07) with the traditional
o” and is based on the relations of the various obstruction classes which are found
by investigating maps in a change of rings spectral sequence, which is undertaken
in Section Hland Section[H. In particular; Theorem Hl ties several of our obstruction
classes together by a cup product with the obstruction class for lifting M non-flat

to Z/jz. Finally, in Section [, we give three obstruction calculations. In Example
Bl and [7 we find obstructions in mixed characteristic. In Example [§] the obstruction
ideal is given as a regular sequence (at least in an infinite set of cases) with two
elements while dimy Ext}(M, M) = 4. Indeed it might be a good idea to take a
look at the examples in Section [f] before reading Section 2HE.

For actual calculation of the obstruction power series, one can lift a free resolution
of the module; see [I5]. The universal deformation to the relative Zariski tangent
space of the deformation functor is given by perturbing the differentials in the res-
olution with Yoneda-representations for a k-basis of Ext!(M, M). The quadratic
obstruction is given in terms of cup products and the higher degree obstruction as
generalised Massey products which are represented as composition products in the
Yoneda algebra. It is therefore not sufficient for our purposes to work in the derived
category, and our results describing maps in the change of rings spectral sequence
and the comparison of obstruction classes is done by giving explicit representations
in the appropriate Yoneda algebra of a free complex. Our result enables the ob-
struction calculus to be performed entirely within a (truncated) Yoneda complex of
an A-free resolution of the B-module M. A formal proof of this (in the case O = k)
is given in [§ Thm. 3.3.2]; see also Example [GH8

For explicit non-trivial calculations of obstructions (given by cup products) for
the Hilbert functor of space curves, see [23|[7]. A. Sigveland gave the local equations
for the compactified Jacobian of the Eg curve singularity and found the degeneracy
diagram of the rank 1 torsion free modules in [20]] by calculating the obstruction
maps. The Massey product algorithms are given in [21]. Similar ideas have recently
been used by I. C. Borge and O. A. Laudal [3] to solve the modular isomorphism
problem for p-groups with F,-coefficients. See also [2].

2. THE J-OBSTRUCTION CLASS

In this section we construct 3 obstruction classes for lifting a module in a relative
lifting situation.

Let A — B be any surjective ring homomorphism and let M and N be A-
modules with A-free resolutions F' and F”, respectively. The corresponding Yoneda
complex is the differential graded module Hom’ (F, F’), where Homy (F, F') =
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Hom 4 (F[n], F’) with differential 0 induced from the differentials d and d’ on F'
and F', respectively. If & € Hom’y(F, F’), i.e. £ = (&;); with & : Fyyp, — F!, then
06 = d'§ — (=1)"¢d = (dj &1 — (—1)"&idig14n)i - We have H"Homy (F, F') =
Ext’ (M, N). Our first objective is to define a lifting of a Tor-action on Ext’ (M, N)
to the Yoneda complex, which will enable us to study the J-action on the A-
deformations of M. Assume that M and N are B-modules as A-modules and let
E be an A-free resolution of the A-module B.

Let m: EQaF — F and m' : EQ oF' — F' lift B A M = M and BN = N,
respectively, and see that for e € E, m, m’ give m(e) € Endy(F), respectively,
m/(e) € End 4(F’). Define

da/p : E — End} (Hom} (F, F"))

by 0a/5(e)(¢) = m/(e)p — (—1)I?llelpom(e), where ¢ € Hom’ (F, F'). Clearly d4,p
depends on the choices made.

Proposition 1. d4,p induces a canonical map of graded B-modules
Tor?(B, B) — End’ (Ext’ (M, N))

making Ext’y (M, N) a Tor2(B, B)-module. In the case M = N, Ext’ (M, M) is
an algebra-module and Tor;;l (B, B) acts as degree p-derivations. The map is natural
in the sequence (A — B, M, N).

Proof. One calculates

9a/B(€)(9p) = £0(0a/B(e)(p))
hence we get induced a 04, : E — Endy (Ext’y (M, N)). It factorises via BQE
and one again calculates

da/p(de)(p) = £0(0a/B(@)(¥))
if 9o = 0. We get a map
H(B®aFE) — End} (Ext (M, N))
which is independent of the choices made. O
Definition 3. Let J = ker(A — B) and define
(2) dy : Ext! (M, N) — Hom 4 (J, Hom 4 (M, N))

to be the adjoint of d4,p restricted to J through Tor{(B, B) = J/J?. In terms
of Yoneda representations (see notation before Proposition[), if B3 = A™ — J =
(f1,---, fr) and my : E1®aFy — F; is A-linear such that d;m; induces the mul-
tiplication with (f1,..., f.) on Fy, J®aFy — Fo, then 0;5([¢]) is defined as the
adjoint of the class in Hom 4 (J®4 M, N) induced by &my : Ey®aFy — Fj), where
& : Fi — F} represents [£].

For convenience we will also use the dj-notation in adjoint situations, as in the
next theorem.

We are now in the position to formulate necessary and sufficient conditions for
the existence of deformations of an A-module with trivial J-action, i.e. a B-module,
in a small lifting situation. The standard result here, as given in [15], is to produce
a class o, in the B-cohomology of the situation, for modules that would be ExtQB ,
which vanish if and only if there is a lifting. We will instead produce two classes
(actually three), the o, in Ext? which is the old obstruction for lifting A-modules,
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and if o, = 0, a new class o, , also given by A-cohomology such that o, = 0 if and
only if there exists an A-lifting with trivial J-action. These two classes will enable
us to characterise the hull of Defﬁ by two obstruction maps (see Theorem [2)) in
the same way as o, gives the tool for constructing the obstruction map in [I5].

We formulate the result in the following relative lifting situation: Suppose A and
B are flat O-algebras, where O is a commutative ring. Let A - Band 7: R — S
be surjective maps of O-algebras with kernels the ideals J and I, respectively. Let
M be a Bs = B®oS-module (similarly Js = J®oS etc.). Assume I? = 0.

Definition 4. A lifting of M to Bgr is a Bgr-module My and a Bg-linear map
7 Mr — M with 7®S : Mr®rS = M, such that Torf‘(MR, S)=0.

Theorem 1. In a relative lifting situation as above we have:
i) There exists a class o, = o, (m, M) € ExtAS (M, M®sI) such thato,_ =0

if and only if there ea:zsts a lzftmg of M to Ag .
il) Given a lifting Mg of M to Ag, there exists a class

o(Js) € HOInAS (.]5®ASM, M®SI)

such that o(Js) = 0 if and only if Mg is a Br-module as an Ag-module.
iii) Ifo,_ =0 there exists a class o, . =o,_(m,M) € coker 0y, where
S 7S S

s+ Extly (M, M®sI) — Homy (Js®a, M, M®sI)

is as given in Definition[3, such that 0,, = 0 if and only if there is a lifting
Of M to BR .
iv) Assume o, = 0= o, . Then there is a transitive and effective action of
ker 054 on the set of isomorphism classes of liftings of M to Br over M.
Finally, all classes and the action are natural for flat maps of A — B and of
R — S and the induced modules. If M is S-flat, the naturality follows for all maps
of R— S.

Remark 2. In the case O = k = A = B (and J = 0) one recovers the standard
result and our construction of o, is as in [I5].

Remark 3. By Lemma@o,  is in the image of the natural map EXtQBS — EXt?qS .

Proof. Since we are mainly interested in the deformation case, we give a proof under
the additional assumption of either M or I being S-flat. The complex we use lends
itself best to these cases. At the end we comment on the general situation.

i) Let F = (F,d) be an Ag-free resolution of M. By the freeness we can lift the
differential to a map d of the graded Ap-free module F which in each degree has
the same rank as F', thus dopS =d. If F = (F, d) were a complex, it would be a
resolution of a lifting of M to Ag. Tensoring F with the short exact sequence 0 —
I - R S — 0 of R-modules gives an exact sequence 0 — FRgl — F = F — 0
of graded modules since A is flat as O-module. It follows that (c‘li)2 is induced by a
map p € ZQHomAS (F,F®gl), i.e. a 2-cocycle in the Yoneda complex. Define

Oug = AS(T( M) [ ]EEXtiS(M7M®SI)~

This element is independent of the resolution F' and the choice of lifting (F, ci) and is
the obstruction for lifting M along 7: If o, =0, thereisa 7 € Hoqus (F,Fogl)—

this is the place where we use the additional hypothesis—with 07 = p. We perturb
d by 7 and get a differential dg = d — 7. Hence Fg = (F,dg) is a complex which
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is an extension of resolutions (by the additional hypothesis again), thus itself is a
resolution of Mp := Ho(Fg). Clearly Mr®pS = M and Tor® (Mg, S) = Hy(F) =
0, in fact Mg is R-flat if M is S-flat. If there is a lifting Mg of M, o, = 0 by the
independence of the choices we claimed above.

ii) To find the obstruction for Mgz to be a Br-module as Ag-module, we lift the
canonical isomorphism mg : As®a,F — F toamap of complexesm : Es®@a,F —
F, where ... —» Fy — E; — J gives an A-free resolution of J which, together
with J C A = Ey, gives an A-free resolution E of B, and Es := EFQpS gives
an Ag-free resolution of Bg. The lifting m exists since M is a Bg-module as
in Proposition [ i.e. since Jg’s action on F is homotopically trivial. Choose an
m : Er®a,Fr — Fg with m®grS = m and with m|g,),0r, the canonical
isomorphism Ar®a,Fr = Fr. Then we can view m as an attempt to kill the
action of Jg on Fr. We find d(m) = d(Fg) o — m o d(E®QFR) to be induced by
apeE ZOHomAS(E>1®AF,F®SI), where E>q1 = [... — Ey — E4q][+1]. Define
(3)  o(s) = [p] € H'Homy  (E>1®4F, F®sI) = Hom (Js®a, M, M®sI).
This class only depends on the lifting Mz and is the obstruction for Mg to be a
Bgr-module as Ar-module. If o(Js) = 0, there is a 7 € HomZé (Ex1®aF,Fgl)
with 9(7) = p. Perturbing m with 7 gives mg = m — 77 with d(mpg) = 0.

iii) The o(J) only checks our specific choice of lifting Mg given by dr; other

choices of Mp could be better. To obtain other Ag-liftings we perturb dr by
¢ € Z'Hom ,(F, F®sI) to df = dr + &n. This gives a new differential 0’ and

d'(m) = (dr + &m)m — m(degry)
= drim — (—1)Flm(1edr) — m(dpel) + éxm — (—1) Fln(1een)
= (p + 8As/Bs (f))ﬂ',

where 04, /ps : Homy (F, F®sl) — Hom, (E®AF, F®sI) up to adjointness is
the one in Proposition[l. Define the class

0,, =0, (m, M) := [o(Js)] € cokerdy;
= coker (Extly (M, M®gI) — Hom  (Js®a, M, M®sI)).

It depends only on M and 7, and is the obstruction for lifting M to Bpg if there
exists a lifting of M to Ag. If 0'(m) = 9(7)m, with 7 € HomY (F, F®sI), we
can perturb m to M’ = m — 7 and &' (/) = (p + Oag/ps(§) — OT)m = 0 so W/
gives a homotopy to zero for the action of Jg on Fp,, i.e. My is a Bgr-module as
Ap-module.

iv) It also follows that any &' € Z'Hom 4 (F, F®gsl) with O44/54(€') = 0 gives
another lifting to Br by df, = dj + {'m and that the difference df, — d/;, of two
liftings to Br gives an element in ker d4,/p, . They are isomorphic if and only if
this element is zero in Ext}y (M, M®sI).

For the general case, the main difference is that F®g[I is not necessarily a resolu-
tion, and a resolution Fr of My will give H,(Fr®gS) = Tor*R(MR, S) and cannot
therefore in general be taken as a lifting F' of F. However, only the initial part

(4) et ™ R

L

Ei®F,
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where d;my equals the map induced by the multiplication by (generators of) Jg on
F, is essential to the existence of liftings to Ag and to Br (as will be exploited later
on). The o, _ is induced by dldg and if o, = 0 modify d1 and dg by 7 and 75 as
before. MR = HO(F) has Mr®grS = M. In a resolution Fr for Mr we can choose
(Fr): = F, fori= 0,1 and (Fg)2 = F5 & K5 . Then the Tor-condition follows:

ker(F1 I FQ)
m(F2 @ (KQ@RS) — Fl)

TOI‘{%(MR,S) = HI(FR®RS) — . — 07

so Mr = HO(F) is certamly a lifting. The o(Js) is defined as induced by d1m1 —mEg,,
where mpg, : Eq @4 Fy — Fp is induced by the multiplication of Jr on Fy. The rest
follows as above. (|

Remark 4. We shall primarily be interested in the deformation situation, Definition
[ and in the case of a small lifting situation, Definition 2l If Mg is a deforma-
tion of M to S in Artp one has natural isomorphisms like Extqu (Mg, Ms®gs1) =
Ext4(M, M)®y,1 and Hom,_(Js®asMs, Ms®sI) = Homy(J@5xM, M)®y1 be-
cause I'mg = 0 and therefore Mg®gl = Ms®Rsk®Ril =2 M®iI, and because the
spectral sequence EY? = Ext%(Tor?S (Mg, A),N) = Extizq(Ms, N) degenerates to
Ext%(M, N) = Ext’ (Mg, N) since TorAS(Ms,Z) = TorS(Ms, k) =0 for ¢ > 0.
The existence of such constant groups (like Ext’- (M, M) and Hom(J@z M, M))
is essential for the existence of an obstruction algorlthm With a ﬁxed k-basis the
constant cohomology groups will keep track of the different obstruction “polynomi-
als” in (the varying) I. To simplify the notation in the deformation situation, let
0,, =0,,0,, =0, and so on.

Example 3. A matriz factorisation (mf) of an element f in a ring A is a pair
(¢,1) of maps of free modules ¢ : FF — G, ¥ : G — F with ¢¢p = f-idg and
Yo = fidp. Let B= A/(f). Then M = coker ¢ is a B-module as A-module since
f annihilates M. If f is A-regular, then the following 2-periodic complex of free
B-modules (necessarily of equal rank if A is Noetherian and rk G < o)

Te\

F

Tl

(5) GEFLT

is a free resolution of M, where F = F®4B, etc. Maximal Cohen-Macaulay mod-
ules over a hypersurface singularity are given by mfs of the hypersurface. Mfs were
introduced by D. Eisenbud in [4]. A deformation of M as a B-module will be given
by a lifting of this resolution. One will therefore have conditions for lifting the equa-
tions P4 = 0 which create the obstruction o, in Ext% (M, M). Instead Theorem [I]
offers the possibility of lifting ¢ corresponding to deformations of M as an A-module
for which the obstruction o, = 0 since Ext’y (M, M) = 0 for i > 1, such that there
is a lifting of ¢ retaining the relation ¢y = f-idg. This gives the non-trivial ob-
struction o, (with J = (f)) in the cokernel of 9; : Ext!, (M, M) — End , (M) where
05 = 1*; see Definition Even in this most simple example the advantages are
clear: The A-cohomology is easier than the B-cohomology and the relation f = 0
is eliminated from the obstruction calculus. Further simplifications are possible in
the case rkp(M) = 1 as we show in [9].
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3. THE OBSTRUCTION MAPS

We define obstruction maps o and o” for the obstructions o, and o, in Definition
Bland give a structure theorem for the hull of Defﬁ in Theorem[2. A comparison
of the A- and J-obstruction maps with the B-obstruction map is given in Theorem

For greater flexibility we will define obstruction maps as continuous maps be-
tween local O-algebras which have countably dimensional Zariski tangent spaces.
Let V' be a countably-dimensional vector space over k with a given basis {e;}52; .
The set of sub-vector spaces of V' which contain almost all the basis elements
defines a topology on V such that V* = Hom{™: (V,k) also is countably di-
mensional, and if we fix the dual basis {ef}°, for V*, then V** = V canoni-
cally. Let T = Freep(V*) be the free O-algebra in variables {z; o2, completed
in the topology given by the basis Z;;; of open ideals around 0, where Z;; =
mgT + (z1,22,...)7 + (x1,7141,...). We insist on the continuous identification
of the relative cotangent vector space m/(m? + mpT) of T with V* where Z; = e},
hence also a canonical continuous identification of the relative Zariski tangent space
of T with V. Suppose {H,}52 , is a projective system of surjections in Artp . Then
H .= lin H,, with the induced topology is a continuous quotient of a T' for some V.
Conversely every continuous quotient of 7' can be given as such a projective limit.
Define ]/jef]]\%[(H) = }iLnDefﬁ(Hn).

Recall the map 9d; with N = M; see Definition B Assume for the rest of
this section that the k-vector spaces H} = im(Ext%(M7 M) — EXtQZ(M, M))7
H? = coker &5 and H' = ker &5 all are of countable k-dimension and for any choice
of k-bases let T3 , T% and T be the corresponding complete O-algebras with these
vector spaces as relative Zariski tangent spaces.

Definition 5. In the situation described before Lemma [l two obstruction maps
for the obstructions o, and o, in Theorem [ (see Remark H) are continuous O-
algebra homomorphisms o* : T5 — T1 and o’ : T7 — T satisfying the following
conditions. If H := (T1®Tg 0) ®T3(9 there is a formal deformation M in ﬁefﬁ (H)
such that for any small lifting situation, Definition B there is a continuous o :
H — S with U*]\//j = Mg and for any such o we have that the adjoint 0% of
o,(m, Ms) € H4®,I makes the following diagram commutative:

adj

(6) mys /(M3 +moTR) —— HY —— 11
myg C TP
H—"—8S

where 6 is continuous and lifts o and X = A. If o,(m, Mg) = 0, then the adjoint
024 of o,(m, Mg) € H3®yI makes the diagram commutative with X = J.

Remark 5. The existence of two obstruction maps as in Definition [5] implies that
(H,M) is a hull of Defﬁ; see the last part of the proof of Theorem [2]

The following theorem connects the cohomologically defined and thus linear ob-
struction classes in Theorem [1 with the highly non-linear obstruction ideal. The
proof shows how the former are used to construct the latter.
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Theorem 2. Let A and B be flat O-algebras with B = A/J for an ideal J C A.
Let M be a B = A/J-module, where X = X®ok for X = A, B and J. Then Defﬁ[
is a functor with two obstructions in H% and H? such that if H', HY and H? have
countable k-dimension, there are obstruction maps

4T — T and o :TF—T!

for the obstructions o, and o,. In particular the hull of Def(A =™ DefM s given
as
H o (T1®T%O)®T30 .

Remark 6. The statement implicitly claims the existence of k-vector bases and
hence topologies as described before Definition Bland maps continuous with respect
to these topologies.

Remark 7. If A is a finitely generated k-algebra and M is a finitely generated A-
module, then the Ext%(M , M) have countable k-dimensions since they are finitely
generated as A-modules and A has countable k-dimension. It follows that H?, H%
and H% have countable k-dimensions.

Proof. Assume first that dim, H' < oco. Let T} = T'/m" n, where n = m? +
meT?!. The universal extension gives a canonical deformation m : M7 — M
of M to T} as a B-module. There is no obstruction for doing this, thus (o, 0;)
are the trivial maps. We construct approximations (o, 0’) to (0o*,0”) by induction
on n. Suppose o’ (y;) = fI"" ' of ,(z;) = g;-L_l in T! for all i,j, where T3 =
Oly1,v2,...], T? = Olz1, 22,...] such that there is a deformation M,,_; of M to
H, 1= T,Ll/(f?il) (g;l 1Y as B-module lifting M; . Define the A-obstruction

test algebra GA =T /(f; )m + (g7~ Dm and let 72 : G& — H,,_; be the natural
map. If 7: R — S and Mg is a small lifting situation, Definition Bl with mg72ns =
Oand 0 : T — Rliftsamap o : H,_1 — S as in (@), then 6 factorises through G2 .
Let I = ker 7/ which is a k-vector space as a G#-module. By induction it will

follow that I = (7?71)@(% Hem™2n C G4, and the elements {7?71@?71}@]»
can be assumed to be linearly independent. There is a natural map G2 — G4,

lifting H,,—1 — H,_2, by the naturality of the obstruction class o, , Theorem [
o, (7, My, 1) = Zy{@?l € H4®, I maps to

OA(Wn 17 Zyz :l ( ))EH ®kIn 1

where 7?71 fi —|— f(n Y with f € m" 3n under the (assumed) 111Jectlve
map I2 D (F;~ )@(g? Yes 1A | Hence f; = [, +f§ ) for some F fi m” 2n.

Choose a lifting ff ™ e mn—2n C T of Tin) and set o (y;) = fI' = fi"_1 + fi(") for
all 4.

Define the J-obstruction test algebra G = TL/(f;) + (E?fl)m and let 77
G — H,_1 be the natural map. Suppose o, (7, Mg) = 0. Since o, is natural and
0 (mA, M, 1) € H3 @, I maps to 0 in H3®y kerm, f; — 0 and the induced map
G4 — R factorises through G. Let I/ = ker /. By induction it will follow that
IJ g5 Hem™?n C G} . There is a natural map G — G _, lifting H,,_; —
H,_2, by the naturality of the obstruction class o, , o,(m;, Mp_1) = . 2;®g} €

B0 maps to o,(n_y M) = £ 5@ +57Y) € el and as
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above it follows that g} = ﬁy LS ﬁ(n) for some E(n) € m"2n C G, lifting to T*

j j
gives o/ (z;) = g7 —g]” Ly (n) w1thg ) emn—2n C T Let H, = T/(f: )+(37),

if mp, : Hy — Hp—q is the natural map, o, (7, M,—1) = 0 = o,(m,, My,_1), hence
by Theorem [ there is a lifting M, to H, of M,_1.

Remark that M, is H,,-flat and thus gives a deformation of M to H,, as B-module
lifting M,,_1: There is a change of rings spectral sequence

2 _ " n
E, = Torp 1(Torq (M,, H,_1),N) = TorZr (M,,N),

p+q
and the 5-term exact sequence

. — Tort™ (M, H,_1)®u, ,N — Tor" (M,,, N) — Tori™*(M,_1,N) — 0

implies that Tor{{” (M, N) = 0 for any H,,_1-module N since Tor{{" (M,,,H,—1) =
0 by assumption and M, _1 is H,_1-flat by induction. If N is any H,-module,
there is a short exact sequence of Hp-modules 0 - NI — N — N/NI — 0
with I = ker(H,, — H,_1), where both NI and N/NI are H,_i-modules as H,-
modules, hence we have Tor!" (M, N) = 0 = Tor?"(M,,, N/NI) which implies
Torf™ (M,,, N) = 0, so M,, is H,-flat.

To show that we may assume I}, = (7?)@(?}’)@1‘11"’111 with {7?,??}1',]- a k-
linearly independent set, let ¢ : (IA)* — H% correspond to o, (74, M,_1) under
the natural k-isomorphism Hom, ((I2)*, H3) = H3®,I2 . Supplement, if neces-
sary, the by induction chosen k-linearly independent set {y},...,y;  } so that
{yi,...,yy } gives a k-basis for im <pA C H% . Then there can be no k-relations

where o, (12, M,,_1) = Z:”lyz @f; . The z; are chosen simi-

larly to give a k-basis for im ;] C H?,, and { fi , gj} is also a k-linearly indepen-

among the f?,
dent set as the g7 are contained in an orthogonal complement of (??) by con-
struction. Finally, if Zaif? + > B9} € m” !n, then the image in G7 gives
Saoify + >_B;g; =0 and a; = 0 = 3;. This also implies that the restriction of
A — I2 to (7?)@( ") C I, is an inclusion, and analogously (g}) — I/ .

By induction we have constructed f.(n)7 gj(") em” 2n C T! for all n > 2. Let

oMyi) = fi = Do ™ and o’ (z;) = g; = Y ons2 gj : they give well defined
elements in T, put H = T'/(f;) + (¢9;) and M= {M.,}, then H = lim H, .

For the general case, choose a sequence of finite-dimensional k-vector spaces
Vi C Vo C ... C H' with |JV, = H'. This gives a topology on H! as described
before Definition 5] and hence on H™ = lim V¥ and on T = lim (T, where (T has
V, as relative Zariski tangent space. For each s the construction above beginning
with the extension

(7) Myt 00— MRV — My ™5 M —0

is applied to produce a pair (504, 507), 50 : T3 — T, 507 : T? — JT' and {;M,,}.
By induction on s and n we will show that there is a choice of (5410%, 54107)
which lifts (s0%,507) over 441 T! — (T': By naturality of the obstruction class,
OA(S+17TTI?7S+1M7L—1) = Zy;®s+17? € H3®k(s+1lrl?) maps to OA(sﬂﬁstn—l) =
Zy;“@sfy € H%@k(sl;?) under the map s+1G£ — SGQ. A k-linear section o,
Vi1 &7 V| induces a filtration preserving section 7' S5 /7. A set of

elements in m”2n C (T inducing a k-basis for m"~2n C sGﬁ can be viewed as
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elements in m"2n C ;T via the section and they can be supplemented to a set
which induces a k-basis for m®=2n C s+1Gﬁ. This set enables us to choose liftings
s+1fi(n) of s+1?5n) mapping to sfi(n) under ,;T! — ,T!. Similar arguing ensures
the existence of S+1g§n) € 4117 mapping to both s+1§§»n) and to sg](»n). If new
obstruction elements y; and z] are necessary, they should be chosen to give k-bases
for im(s11¢2) € H and for im(s+1¢;) € HZ as above.

We want to find a deformation 541 M, to s41H, lifting both 1 M,,_; and sM,, .
Choose any lifting (11 M) of 41 Mp,_1. Let ¢ : ¢41H, — ¢H, be the natural
map, then, essentially by Theorem [[Jiv) and induction, there is a § € Vi@ (s1,),
where I, = ker(sH,, = sH,—_1), which gives the difference of ¢, (s4+1 M) and M, .
Perturbing 441 M/, by a lifting fe Vs®k(s+11n) = Vs®p(s1In) of &, gives our desired
s+1Mn .

Let H,, = ,H,, and M,, = ,M,,. Then H @Hn (by a continuous isomorphism
of O-algebras), where H is defined by o* = lim{,,0} and o’ = lim{,0/}.

pr— p—

To prove smoothness [T9] 2.2] of Hom%’fglg./k(H, —) — Def?, suppose 7 : R —
S, Mg is a small lifting situation and assume there is a deformation Mgr of M to
R lifting Mg. Moreover assume there is an n and a continuous map o : H,, — S
with 0, M,, = Mg. Choose any § : T* — R lifting 0. Then by Theorem M and the
construction of H, 1, # factorises through 6 : H,,; — R. By Theorem [Miv) there
exists an m > n+1 and a £ € V,,,® ker m which gives the difference of g*MnH and
Mp . If we “add” the adjoint £* : V¥ — ker7 to the pullback 6,, : H,,, — R of 0, we
obtain a map 6/, : H,, — R which lifts o and such that (8,,).M,, = Mg . Finally
Hom%’ﬂta‘lgl/k(H,k[a]) ~ H' = Def¥ (k[e]) by Theorem [ and (H,{M,}) gives a
hull for Def?, . In particular this implies that Hom%’fta‘lgi/k(ﬂ, S) — Def%,(S) is
surjective for all S in Artp and all the conditions in Definition [ are fulfilled. [

Example 4. Remark that every O-algebra in the pro-category of Arte is obtained
as the hull of the deformation functor of a module. In fact the following argument
is valid for the non-commutative deformation functor of modules as well as for the
commutative one. In the non-commutative case Arto is the category of local not
necessarily commutative Artinian O-algebras (O as in Definition ) R with & as
residue field (i.e. k is the unique simple R-module). A and B may also be non-
commutative O-algebras. A deformation of a left A-module M is defined as in
Definition [0l except that Mg is an A — R-bimodule which is a left A-module and a
right R-module, or equivalent, a left A®» R°-module. Furthermore, I*A“reeo(V*) is
the free non-commutative O-algebra, completed in the topology defined by ideals
Z;; analogous to the ones in the beginning of this section, e.g. where the “power
ideal” (z1,x2,...)7 is replaced by the (two-sided) ideal generated by j-tensors, and
SO on.

Fix a maximal ideal m in an O-algebra B such that B/m = k and assume
B/(m?4+me B) is countably dimensional. Let B be the completion of B in any topol-
ogy as given in the beginning of this section (or analogous in the non-commutative
case). Then

Homﬁﬂogtallg./k (Ba _) = Dekaa

where ¢ € Homg’f';lg_/k(B,R) is mapped to the B®pR°-module R with mod-
ule structure given by (left) multiplication of B®oR® through the composition
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B®OR° poid, R®oR° It R°. It gives a deformation of k£ to R. For the in-
verse, any deformation Mgk of k to R has Mr = R as R-modules since Mp is
R-flat, i.e. R-free of rank 1. Hence R has a (left) B&®o R°-module structure. Define
¢©: B — Rby ¢(b) ;= (bo1) el =r € R for b € B. Then ¢(b'b) = b'bxl el =
'R1)(b1)elr=(V®1)er = ('x1)(1er)elg = (1Qr)(V®1)elg = 1xrer =
r'r=('®lelg)(balelr) = (b )p(b), (1) = 1g and ¢ is additive. If f : O — B
and g : O — R define the O-algebra structures, then ¢(f(A)a) = f(\)a®lelp =
a®g(N)elrp = (1®g(N\)) e (a®lelr) = g(A)(a®lelr) = g(A)¢(a), hence ¢ gives a
well-defined O-algebra homomorphism B — R above k and B pro-represents Deff .
In particular

B = (T1®Tf‘ O) ®T§O

for obstruction maps o* and o’. For instance, if B = O, then B = k and Deff (R)
is a one-element set for all R and Def kB is pro-represented by O.

Remark that if B is non-commutative, we can still deform k over commutative
Artinian (-algebras, but then the completion B will be in the ideals Ziji + [B, B]
and hence in that case be a commutative O-algebra, indeed B = (B/|B, B]) .

In [8] we axiomatically define a functor with n obstructions and corresponding
obstruction maps and prove the existence of such maps in the countably-dimensional
case. Theorem [2]is an instance of this. A single obstruction map defined for the
obstruction o, has been constructed by O. A. Laudal in [I5].

We next state a theorem describing how closely related the obstruction map o”,
defined by B-cohomology, is to 0* and o”, defined by A-cohomology. Let T2 be a
local complete O-algebra with relative Zariski tangent space Ext%(M , M) for any
topology as in Theorem 2l In the next sections (Proposition 2 and Lemma[d]) we
show that there is a canonical isomorphism ker 05 = Ext%(M ,M) and a natural
exact sequence of A-modules 0 — coker 95 — Ext%(M M) — Ext%(M ,M). Hence
there is a “short exact sequence” of continuous maps 75 — T3 — T7. Our main
comparison result reads:

Theorem 3. With assumptions as in Theorem[Q given a pair of obstruction maps
o :T5 = T" and o’ : T? — T for the obstructions o, and o, , defining the hull

of Defg\?"l), there exists an obstruction map o® : T — T for the obstruction o, ,
defining the hull of Defﬁ , such that

(8)  ofirz =o0*, and 0"R0O0 =0"®0 as maps T? — T'®O.
A T2 T2 T2
A A

Conversely, given an obstruction map o”, there exists a pair of obstruction maps
o* and o’ such that the following diagram of continuous maps is commutative:

T3 —— T3 —— T?

A OB J
o o

Tl

Remark 8. The o®-map is in general not the “union” of o* and o”’, but there is
always a pair of obstruction maps (0, 0”) such that o” can be taken as the “union”
of 0* and o”.
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We do not necessarily get a trivial 0”172 even if o”¢ is trivial for ¢ = 1,2. The
reason for this is simply that the natural map coker 0y, 4.5, — @ coker d;, does not
have to be injective. An explicit example is given in [8] Ex. 4.1.4].

Remark 9. To distinguish it from o* in the pair of obstruction maps (0*,0”) for
Defg\?"]), let 0f (in this remark) be an obstruction map

ol : ﬁreeo(Ext%(M, M)*) — ﬁreeo(Extlz(M, M)¥)

for Def?; . If o# composed with the natural map ﬁree@(Extlz(M, M)*) — Tt is

. A,J o
trivial, one can choose (0o*,0”) for Defgw' ) such that o* is trivial. However, even

if 0* in (0%, 0”) is trivial, o} continued to T* may be far from trivial as Example
Bl shows. There is no way one can find o* “first” and then find o”, as this has no
meaning. It is not clear to the author whether o* in the pair (o*,0”) and the locus
it defines has any interesting interpretation.

Proof. Suppose (0*,0”) is given, and assume first that dimy H' < co. By Proposi-
tion 2land Lemma @] we have a “short exact sequence” T3 < T — T7, the last
map has a section and if T3 = O[y1,y2,...], T7 = O[z1, 22, ...], we let the union
{yi} U {z;} also denote the “generators” in T%. We want to define 0. While we
let 0 (y;) := 0*(y;) = fi € T* which is OK by Lemmal[d, we find 0?(z;) = h; € T*
by induction. We use notation as in the proof of Theorem [ except that f;, g7
and h} are the images of fi,g; and h; in T!. By Theorem @, o, (72, M, 1) =
Syraf: + Zz}’-‘@ﬁ? € HL®iIA maps to o,(1), M,,_1) = Y zi0g; € Hi@wI,]
along I — I7. Since ker(I2 — I7) = (F,) we get E? =g; + S a;if; with
a;; € k. By naturality of the obstruction classes, E;L =g + Zﬁjj? maps to
5?71 = ggl*l—l—z Ejiﬂkl under the natural map G4 — G4_,. We may assume that

—n—1, . . . .
the f Zl in the latter sum are k-linearly independent. By induction we have chosen

ag-;kl) € O/m"~! lifting @;; and defined o7 ,(z;) = b7~ = g~ ' + Eag?fl)finfl
in T)}_;. Choose liftings a;?) € O/m™ of 65-?71) and of the “new” coefficients a;; ,

%—1) = 0 (but only such that the TZL in the sum E;L =75+ Z@J? are

linearly independent). Put 0’(z;) = h} = g} + Eag-?) fPin T}, In the limit we
get 0°(z;) = h; = g; + Y aji fi, where aj; = @{ag?)} € O C T'. This is stronger
than our claim.

For the general case, choose a sequence of finite-dimensional k-vector spaces Vi C
Vo C ... C H! with J Vs = H! as in the proof of Theorem [l If o (54175, My—1) =

—-n -n -n _ _ —-n . —-n

DY@y f; + ZZ]*‘®S+1hj , then g41h; = 41797 + > @ji(s+1f; ), and if s f; =0,
choose liftings aﬁ) € O/m" of aﬁfl) and (if also s+17?71 = 0) of @;; and put
54107 (25) = s1hf = 19} + 2 a§»?)(s+1 f1'); the other aﬁ) are already chosen by
induction on s. Put 0”(z;) = lim{,,07(2;)}. It is well defined.

ie. if a

Given 0% let o*(y;) = 0”(y;) and let 0/(z;) := 0°(z;). Then (0*,0”’) are
obstruction maps for the two obstructions o, and o, . This follows from Theorem [4
and Lemma O

4. THE CHANGE OF RINGS SPECTRAL SEQUENCE

The spectral sequence connects the A- and the B-cohomology and also provides
a framework for describing relations between the various obstruction classes. In the
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following we give detailed descriptions of the maps «, dy and y by representations
in the Yoneda complex.

Lemma 2. Let A — B be a ring homomorphism and let N, M be an A- and a B-
module, respectively. Then there is a first quadrant cohomological spectral sequence

ES? = Extl, (M, Ext% (B, N)) = Ext} (M, N).

In particular there is a canonical 5-term exact sequence which, in the case B = A/J
and N is a B-module as A-module, becomes

0 —BExty (M, N) — Exth (M, N) % Hom 4(J, Hom 4 (M, N))
(9) L, Ext (M, N) - Exty (M, N)

Proof. Let G = G. - M be a B-projective resolution of M and let N — [ =T
be an A-injective resolution of N. Then the II-filtration of Hom g (G, Hom 4 (B, I))
gives a spectral sequence which collapses at stage 2 to the total cohomology. The
spectral sequence obtained from the I-filtration gives the Eo-terms. The 5-term
exact sequence is the standard one with ES' 2 Hom 4 (J, Hom 4, (M, N)). O

Let ¢ : (F,d) - M be an A-free resolution of M, and let £ — B be an A-free
resolution of B; ... Ey — E; — A — B. Recall the definition of m : EQaF — F
before Proposition 1 We change the notation by s := m>1 : Ex1®F — F, where
Esq1 =[... = Ey — Eq][+1], and let mg, : E1®F — F be the multiplication with
J = (f1,..., fr) on F-map pulled back along Ey — J. Then 9(s) equals mg, when
restricted to F1®F and is zero elsewhere. Hence the map 0 is described simply
as induced by the pullback along s : E1®Fy — Fi, (the my in (@)).

Proposition 2. If M and N are B-modules as A-modules, then
dy : ExtY (M, N) — Hom 4 (.J, Hom 4(M, N))

given in Definition [A is the edge map « in the change of rings spectral sequence in
Lemma[@A In particular there are canonical isomorphisms

ker 9y = Extjlg(M, N) and cokerdy = imdy C ExtQB(M, N),
where do is the spectral sequence differential in Lemma 2

Proof. Let & € Hom 4 (F;, N) be a cocycle representing the class [¢] € Ext), (M, N).
Then there is a p € Hom 4(Fp, I°) extending «&, where ¢ : M — I° is the coaug-
mentation map. There is also a 7 € Hom 4 (M, I') extending d°p, clearly [r] =
[€]. From pd; = & we get pmp, = t£s. The map (&s represents d;([¢]). If
Z = £®4B one is left to prove that the connecting Homp (M, Exty (B, M)) =
Homy (J®aM,N) = Hom 4 (J, Hom 4 (M, N)) is represented by taking 7€ to pmpg, .
Applying Hom 4 (Fp,Homy(—, ")) to the short exact sequence 0 — J — A —
B — 0 gives an exact sequence of complexes. Observe Hom 4 (Fy, Hom 4 (B, I")) &
Hom 4 (Fo,I') and

Hom 4 (Fy, Hom 4 (J, I")) = Hom 4 (J®Fp, I') — Hom 4 (F1®Fy, I').
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Hence
.

m —
Hom , (Ey®Fy, I') «——— Hom 4 (Fy, I")37e «—— Hom 4 (Fo, I')>77 « 0

i 1 i

Hom 4 (E1®@Fy, I°)3pmp, ¢+—— Hom 4 (Fy, I°)3p «—— Hom 4 (Fo, I°) «— 0

Lx

HOHIA(E1®FQ, N)9§s
O

Remark 10. If A is an O-algebra for any commutative ring O, there is a restriction
of derivations map

D € Derp(A,Homgy (M, N)) — Hom 4(J, Hom 4(M, N)) > D,

which one checks is well defined if M and N are annihilated by J. The inner
derivations map to zero and if A is O-flat we have

Derp (A, W)/(inner derivations) = HH'(A4; W) = Ext!, (M, N),

where HH"(A4; W) is the Hochschild cohomology with values in the A-bimodule
W = Homg (M, N). Via this identification our d; equals the restriction of deriva-
tions map. This is proved by constructing a specific lifting of the multiplication of
J-map on a non-reduced bar complex. Indeed let s : E1®@4AR0M — A®o A®o M
be defined by s(e;®1@m) = 1@ f;@m, where J = (f1,..., fr) and By = @;_] Ae;.
Then 9; = s*. We are indebted to Prof. O. A. Laudal for suggesting this interpre-
tation of J; at an early stage, which again led to the above change of rings spectral
sequence.

Example 5. Let P be a regular local complete Noetherian k-algebra, and let Ja
and Jp be ideals in P with 0 # Ja C mJg and Jg C m%. Let A = P/Ja,
B =P/Jg, O =kand M = k which is assumed to be the residue field of B. Then
DefJ\X4 is pro-represented by X for X = P, A and B; see Example[d. In particular
the ideal J4 is given by the image of the maximal ideal under the obstruction map
o*. However, if J := Jg-A C A, then o* in the pair of obstruction maps (0%, 07) is
trivial. The reason for this can be seen from the obstruction calculus. Since o” can
potentially generate Jg as obstruction ideal and o* only generates J4 C mJpg, the
0,-obstruction will be one or more “steps” behind o;, the latter thus takes care of
all the obstruction. This phenomenon can also be deduced from the 5-term exact
sequence. For transparency assume J4 and Jp are generated by regular sequences
of length a and b. A- and B-free minimal resolutions of &k may be produced from
the P-free Koszul resolution of k& beginning with the 3-presentation in Lemma
below (with E} = 0). Then the 5-term exact sequence is

0 — mp/m%" = my/m% 2 (Jok)* L, k() — e @ i)
where n = dimg,un P. The spectral sequence differential dy is injective, and gives
the isomorphism (J®k)* = k. This in fact also proves that o, is confined to k®
and thus maps to zero in Ext? (k, k). Hence o* in the pair (0*,0”) has to be trivial;
see Lemma . The o, for Defi is for the same reason confined to k%, but far from

trivial. Remark that this is not in contradiction to Lemma @l If, by changing
the assumptions, some elements in J4 are non-zero in Jg/mJg, they will produce
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identifications between corresponding subspaces of k® and £k and hence some of 0*
will be induced from o* in (0*,07). In fact the isomorphism of the “Koszul-part”
of the Ext?’s may be explained similarly if we for a moment consider the non-
commutative deformation functors, i.e. where the local Artinian rings are allowed to
be non-commutative. Then Deka is in fact still pro-represented by the commutative
ring B; see Exampledl The (g)—part takes care of the commutators, which are given
as cup products, and hence appear simultaneously in the obstruction calculus for
both deformation functors.

Assume dy : E; — Ey is given as the Koszul differential dx plus a map df; :
El — Ey = A" and let s’ be the restriction of s : E2®Fy — F» to ELQF,.

Lemma 3. The following maps of A-free modules give a B-free 3-presentation of
M after tensoring with B:

dyel 1od 0\ F2®F0
pay 19T s s d

®

g &2 g E\®F,
Fy @
F;

Remark 11. The above assumption about ds : Fo — FE; is no limitation; we can
always produce such resolutions of B. The point is that if J = (f1,..., fr) is
a regular sequence, then Hy (K (fi,..., fr)) = 0 where K is the Koszul complex,
E!, = 0 and our 3-presentation is the beginning of a construction of Eisenbud which
gives a B-free resolution from an A-free one; see [4, Theorem 7.1]. In general this
resolution is not minimal. Using F5 instead of Ej, it is not hard to prove the result
by moving elements around.

Proof. Since the 3-presentation (with E, instead of Ej) is the beginning of the
mapping cone K(s) of B®s : BRE>1®F — BQF[+1] shifted minus one, and the
composition E51®F — BRE>1®QF — BF[+1] is a quasi-isomorphism inducing
the inverse connecting Tor? (J, M) = Tor*AH(B, M), the map H,(B®s) is surjec-
tive. Thus H; K (s) =0 for ¢ = 0,1 and hence our complex is exact in degree 1 and
2. O

Let (id[2],0) be the obvious map Fy®FE;[—1]®F, — Fy®FE;[1] tensored down
to B. The map induces a 2-cocycle in a B-free Yoneda complex which calculates
Exty (M, M®pJ/J?), where the resolution of M begins as in Lemma [ and the
resolution of M®pJ/J? begins with Ba(Fy®FE;). In fact this cocycle repre-
sents 0 := 0(4/J%) € Exth(M, M®pJ/J?) which is the obstruction for lifting M
to A/J? as in Definition @l This element induces via the Yoneda cup product

Homp(M®pJ/J?, N) x Exty (M, M®pJ/J?) —- Ext%(M, N) a map
(10) —Uo : Homg(M®pJ/J? N) — Ext%(M,N).

Via the natural isomorphism Homg (M®pJ/J?, N) — Homg(M, Ext (B, N)) we
have:

Proposition 3. Assume both M and N are B = A/J-modules as A-modules. Then
the differential in the change of rings spectral sequence of Lemmal2

dy : Homg (M, Ext (B, N)) — Ext%(M, N)
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is induced by cupping with the obstruction o(A/J%) € Exth(M, M®pJ/J?) as in
([IQ) and o(a/1?) is induced by the cocycle (id[2],0) in the Yoneda complex of B-free
resolutions. In particular the obstruction is canonically given as

0(A/J?) = d2(idM®J/J2) .

Remark 12. This result is only marginally different from L. Illusie’s Propositions
3.1.5 and 3.1.13 combined [I0, Chap. IV], in the case of rings (Illusie works with
rings over a topos). In his formulation J? = 0 (but Ext!, (M, N) = Extfq/Jz (M,N)),

and his spectral sequence is Ext%(Torj;‘/‘]2 (M, B),N) = Ext},;»(M,N). Illusie’s
proof depends on the cotangent complex of graded algebras and gives represen-
tations in the derived category. We are interested in explicit calculations of the
generalised Massey products and the formally versal formal family, and our proof,
which gives simple representations of the map and the class in the Yoneda complex,

is therefore better suited to our needs.

Remark 13. If J defines a locally complete intersection, i.e. J/.J? is B-projective of
finite rank, it is not hard to extend the result to all the ds-differentials. We have

q
ES? = Extf (M, Ext) (B, N)) = Extl,(M,N)® A\ J/J*

and ¢ € Endg(J/J?) actson fy A...Afa € NT/T> by b-fi Ao Afa =3 fi A
o AYF(fi) AL A fy while J/J? acts as graded derivations. Combining this with
the cup product, any ¢ € Ef? = Exth (M, Ext% (B, N)) defines a natural, vertical
map by “multiplication” in the diagram:

id € Endg (M ®@p J/J?) d Ext (M, M ®p J/J?) 3 oA/

E-*l 5.,1

q q—1
¢ € Extt, (M, N) @p NJ/J?* —L— ExtB2(M,N)@p \J/J* 3 oa)r?)
The diagram commutes since ds is natural for natural products on the cohomology
and hence if o(4/7%) = > o.®x; and £ = (®f, then d2(£) = > (CU0)R [ x; .

Proof of Proposition[3. The pullback of endomorphisms by (id[2], 0) induces a map
(11) Endg(M®.J/J?) — Ext%(M, M®J/J?)

which possibly depends on the resolution chosen, etc. We show that the image of
the identity is the obstruction o(4/J?) which follows since o(4/J%) by construction
(see the proof of Theorem [I)) is induced from the square of a lifting to A/J? of
the B-differential d® in a B-free resolution (FZ,d?) of M: Recall the notation
before Proposition 2l By Lemma [3] d® may be chosen with df = di®@4B, df =
(s,d2)®aB hence dP o dl = dy o (s,d2)®aA/J* = (mp,,0)®4A/J? which lifts
to (id[2],0) via mp, : Fo®E, — Fy. Since we have such a nice representation
of o(4/7%) in the Yoneda complex, the idea of the proof is to take a class [£] €
Hom g (M, Ext (B, N)) = Homg(M®.J/J?, N) represented by a cocycle & = (&) in
the Yoneda complex: & € Hompg(Fo®E], Fé), where (F’,d’) is an A-free resolution
of N and F = F®aB, etc. Move it to a representative for the same class in
E” = Hompg(Ff,Hom (B, 1)), where FP = Fy and N < I is an A-injective
resolution of N, and calculate dy by moving this new representative along the
“stairs” in the double complex Hom g (FZ, Hom 4 (B, I)) to a representative for the
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image da([¢]) in E2° = Hompg(FP, Hom 4 (B, °)) (where Ff = Fo[2|@FE,DF5).
Finally we move back to a representative for da([¢]) in the Yoneda complex and
observe that we may take it to be (&][2],0) € Homp(Fo[2]®E; @F27F6). Since
& o (id[2],0) = (&][2],0), we get da2([¢]) = [€] U o(a/s%). Hence the map (II))
induced by the particular form of the (possibly non-minimal) 3-presentation is
indeed canonical and equal to ds. This is only almost what we do, actually we
lift the B-representative & from Homg(Fo, Homg(E7, FB)) to an A-representative
in Hom 4 (Fy, Hom 4 (E71, Fj)) and then do the zigzagging with A-representatives.
Details are given in [§]. O

5. THE FORMULA o(J) U 0(A/J?) = 0p

Several of our obstruction classes are connected by the ds-differential in the
following theorem.

Theorem 4. With assumptions as in Theorem [, assume furthermore that there
exists an Ar-module Mg lifting M along ma,, = ida @7 in the diagram

Ar —— Bg

lmR leR

As —— Bg
in the sense of Definition[4} in particular o, (7, M) =0. Ifo, =0, (wa,, M) is
the obstruction for lifting M to Bgr, then, via the natural inclusion 0,, € coker 074
— ExtQBS (M, M®gI), it satisfies

0, = da(0(Js)) = 0(Js) Uo(Ag/J2) = Op

where U is the cup product and o(Js) € Homp (M®pgJs/J§, M®sI) is the ob-
struction for Mg to be a Br-module as Agr-module,
0(As/J2) € Exty (M, M®p,Js/J3)
is the obstruction for lifting M to Ag/J2, 05, € ExtQBS (M, M®sI) is the obstruc-
tion for lifting M to Br and
dy : Homp, (M®p,Js/JE, M®sI) — Exty (M, M®sI)

is the 2™ differential in the change of rings spectral sequence in Lemmal[d

Proof. Let (F,d) be an Ag-free resolution of M. Then 0,, is induced by diods,
where (F, ci) is a lifting of d to maps of Ag-free modules as explained in the proof
of Theorem [ We choose an Ag-free F; — Jg and maps s as in Lemma [ to
produce a Bg-free 3-presentation F'Bs = FBs(s) of M. We observe the bottom
row as Bg®d and that the edge map ExtQBS (M,-) — Extis (M, —) in the change
of rings spectral sequence is induced by the map F' — FPs(s), where F' maps to
Bs®F; see Lemmaldl The obstruction 0y 18 induced by cfjlgs o ciQBS, where dBs lifts
dPs to an Bp-free lifting of FPs, but dP$ = Bg®d; and d¥% = Bs®(s,ds), hence

J{?SOCZES = Bs®d10(35®8, Bs®d2) = BR®AR(J10§, Jlocig),

for liftings J, 5 of cg ar}d s to Agr-free modules. Clearly d}odé induces the same
element as Br® 4,dj0ds in EXt?qS (M, M®&sI), hence o, maps to o, by the edge
map. We have assumed 0,, =0, indeed we have chosen an Agz-module My lifting
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M which corresponds to a choice of liftings d;, i = 1,2 with diods = 0, hence
0y, 1s induced by dPsodls = Br®a,(d105,0) and d;o5 induces the class o(Js)
(see the proof of Theorem [d). The only thing we lack is a description of the da-
differential in terms of our construction. By Proposition Bl dy is cupping with
the obstruction class o(As/J2) € ExtQBS (M, M®p,Js/J2) which is induced by the
composition cfjlgs OJQBS of liftings of the Bg-differential dfs to maps of an Ag/J3-free
lifting of FBs. However we already have a lifting to Ag, hence we choose J{g s =
Ag/Ji®d; and @33 = Ag/J%®(s0,d2) and thus o(4s/s2) is induced by J?Socifs =
Ag/J:®(d1os,0); the first coordinate corresponds to dygs 02 - Hence the class
0(Js) maps to o, under the spectral sequence differential ds:

0(Js) € Homp (M®p,Js/J3, M@sl) 2 Ext} (M, M®sI) 3 o,_ = (0(Js),0).

~

Finally 0, Is the image of o(Js) by do via the canonical isomorphism coker 0y, =
im do in Proposition O

For the sake of completeness we note
Lemma 4. The edge map
v : Extg(M, N) — Ext% (M, N)

in the 5-term exact sequence (9) is induced by any comparison map F4 — FB of an
A- and a B-free resolution of M. With notation as in Theorem[4} the obstruction
class o, maps to the obstruction class o, under the edge map

Ext}, (M, M®sI) — Ext} (M, M®sl).

Proof. Let N — I be an A-injective resolution of N and consider the complex
Hom g (FB,Hom 4(B,I)) which induces the spectral sequence in Lemma 2] The
edge, which is

EX’ = HPHom gz (F 2, Hom 4 (B, N)) - HP = H?Hom g (F?, Hom ,(B, 1))
for i : N — IY, factorises via
(12) Homp(FZ Hom ,(B,N)) — Hom ,(F#,N) = Hom ,(F4,1)
<~ Hom 4 (M, I) = Homg(M,Hom 4(B,1)).

That o,_ maps to o,_ follows as in the proof of Theorem [l d

In the situation of Theorem the map 0y : Extly (M, M®sI) — End, (M®sI)
is surjective by Proposition Bl Hence the following result gives a characterisation
of the class o(Js).

Proposition 4. With assumptions as in Theorem[4,
0(Js) = —05(&)
for any extension & € ExtiR (M, M®sI) with 0r(§) =id € End 4 (M®sI).

A proof in the deformation situation is given in [8]; it is easily extended.
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6. EXPLICIT EXAMPLES OF OBSTRUCTION CALCULATIONS

Finally we give some examples where we calculate the obstruction classes in
Theorem[] and the obstruction maps in Theorem[2l In the first example we already
know the answer by the general Example [l

Example 6. Let Zy = Z(Q) and B := Zs[z]/J, where J = (f) and f =2+ 2?. Let
M = B/(x) 2 Fy asa B = B/(2)-module. We calculate the obstruction polynomial
of Def?, : Artz, — Sets. Let A := Zs[z], A = A/(2). Then M « A < A is a length
1 A-free resolution of M. We have Ext%(M, M) = Exti(M,M) = F,. Since
EX‘L%(M7 M) = 0, there is no o,-obstruction. To find the o,-obstruction we start
with a factorisation of the multiplication-by-f-map, given by f = z-x mod (2);
AEZ AL A Let T' = Zy[u], where the image @ of u in m/n, where n = m?4-(2)T"
corresponds to the Fo-dual of £ = [-1] = [1] € Ext%(M, M). Then the universal
lifting M, of M to the relative Zariski tangent space Def%(k[e]) is given by the
factorisation A®z, T <% ARz, TL <% Ay, TE of f = 22 mod (2,u?), where
T! = T /n = Zs[u]/(2,u?) = Fa[u]/(u?). The only obstruction appears when we
try to lift this factorisation of f to T = T'/nm = Za[u]/(22,2u,u?) and it is
represented by (z — u)(z +u) — f = —(2 + u?) in A®z,Ts . In particular the class
EUE = [—1] = [1] € coker &5 2 Fy is “carrying” the obstruction polynomial 2 + u?.
There are no more obstructions.
If instead f = 4 + 23, one obtains the factorisation

_ 2 2
A®z, T} &% A@y, T} XYY Ay, T

of f = 2% mod (2%, 2u,u?) which gives a defining system B for the J-Massey prod-

uct (£,€,&;B); = [—1] € coker &5 and the obstruction is (z — u)(z? + zu + u?)
— 4+ 2% = —(4 + u?) (or more precisely [~1]®(4 + u?)). There are no more
obstructions.

Example 7. Let C4 be the cyclic group of order four and Zy = Z(g). Let z
be a generator of Cy such that the group algebra B := ZyCy = Zgx]/J, where
J=(f) and f = 2* — 1. Then B = B/(2), let M = B/(y?) = Fay]/(y?), where
y =z — 1. We give obstruction polynomials defining the hull H of Def f;[ : Artg, —
Sets and indicate how to find them. Let A := Zy[z]; then A = A/(2). The 5-term
exact sequence of the spectral sequence Ext? (M, Extqz(ﬁ, M)) = Ext5(M, M) (see
Lemma [2)) is

0-MEMZ% = m_o.

Since pdim4(M) = 1 there is no A-obstruction and o” is trivial. Let T? =
Zal20, 21], where Zo and %, the images in the relative cotangent space, are Fa-
duals to the elements —1 and —y of cokerd5 = M. Let T' = Zsla,b] where @
and b likewise are Fo-duals to the elements —1 and —y in ker &5 = M. Then the
obstruction map o’ : T2 — T may be given as

07(20) =a* + 6a + ab® + 4ab,
07 (21) =4+ 6b + b + 4a + 2ab + 42 .

This is a regular sequence, hence dimg, 1 H = 1. The versal family is the cyclic
module AQH/(y* —a—yb), where AOH = lim{AQH/im(n-mfy)}, n = m% + (2)H.
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To find the obstruction one deforms the pair (y2,4?) as a factorisation of f; 2* —1 =

y?y%. In particular; B <y—2 B <y—2 B gives a B-free 2-presentation of M. The
universal lifting M, of M to the relative Zariski tangent space Def ¥, (k[e]) is given
by the factorisation 2* —1 = (y% — (a+yb))-(y*>+ (a+yb)) mod n. The obstructions
are created as one lifts and expands the factorisation as to be valid over A®H /nm?,
successively for all i. Indeed we get 2 —1 = (y?—a—yb)-(y>+a+yb+6+b>+4y+4b)
in A®H.

In the last example we shall see (even clearer) how the change of rings formalism
is instrumental both in estimating and calculating the obstruction. The 5-term
exact sequence and the A-free Koszul resolution immediately imply that we can
have at maximum two obstruction polynomials even though dimg ExtQB (M, M) = 4.
Moreover we only have to lift a “generalised matrix factorisation” (see [§]), defined
over the regular ring A, to give defining systems for the Massey products which
calculate the obstruction of Defﬁ,, and hence we avoid the relations in B in the
calculus.

Example 8. Let A = k[x,y], f = 2™ +y"* B = A/(f), M = B/(y,2?) as a
B-module and assume m > 3, m = 1 mod 2, and n > 1 (the case m = 0 mod 2 is
similar). We give the obstruction polynomials of Def?; : Art;, — Sets and indicate
how to find them. The 5-term exact sequence is

0 — M®2 =, o2 0, gy (40 Mo M ©id) e o

and in particular the Zariski tangent space of the hull H of Defﬁ is 4-dimensional as
a k-vector space; Extp (M, M) =2 M®2 = k%4 The Koszul complex (K, d) of (y, z?)
gives an A-free resolution of M, the Koszul complex is functorial in the sequence
(i.e. in the first differential) so that a perturbation of (y,2?) induce a perturbation
(I? , J) of the complex, in particular d? = 0, and hence there is no A-obstruction and
the obstruction map o is trivial. The de-map (@) is injective and the obstruction
space coker 9y = M = k%2 (k-linearly), where J = (f). Let T% = k[[20, 21]], where
the images Zp and Z; in the cotangent space m/m? are the k-dual elements to —1
and —z, which give a k-basis for cokerd;. Let T' = k[[a, b, ¢, d]], where @ and b in
m/m? are k-duals to —1 and —z in M and likewise for ¢ and d. Let | = mT_l Then
the obstruction map o’ : Tf — T may be given as

n min(i,n—i) .
7 _ t n n—i—jpitj g1 gi—j
0”(z0) Z 4 (')(i—i—j)a b Nd

i=0  j=0 J

N[
( > ( > Cl+17id2i’
=0 par VA
(i + 1) ( n ) G iy it
i=0  j=0 J vt

1 min(i+1,l—1)

i (Z + 1) ( l > iRt
— — J L+

1 min(i,l
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The terms of lowest and highest degrees in the four sums are given by
o’ (20) = a"c+ T4+ bed” 4 cd?,
0”(z1) = a"d +na" tbe + (1+ 1)td + ...+ bmd™H + a2+t

At least in the case | = n we get a regular sequence. However, before calculating a
single obstruction we have 4 > dimg, H > 2 while the standard estimate yields
4 > dimg,uy H > 0. If we localise B (and M) at the maximal ideal m = (z, y), then

there is a natural isomorphism Defﬁ — Defg (M) 8iven by mapping a deformation

Mg, to its Br-syzygy module. The syzygy induces isomorphisms Ext% (M, M) =
Extiz(Qp(M),Qp(M)) for i = 1,2; see [§]. In [9] we more generally show that the
hull of the deformation functor of a rank 1 maximal Cohen Macaulay module N on
a hypersurface singularity Spec B in particular satisfies the sharpened estimate

dimy, Extly > dimg,a H > dimy, Exth — dimy, Ext% 4 dimy, Hy(S),

where Extly = Ext(N,N) and S = S(y) is the “Scandinavian complex” of the
(square) presenting matrix ¢ of N. In our case Ha(S) =2 M = k? (k-linearly).

The versal family of Def; is the cyclic module AQH/(y —a — xb, 2? — ¢ — zd)
where AQH = lim{A®H/im(mf;)}. To find the obstruction one deforms the

“generalised matrix factorisation” (see [8, Def. 6.1.6]) ((y,z?), (y", 2™ 1)") of f =
2™+ 447+ 1 The universal lifting M; of M to the Zariski tangent space Def ¥, (k[e])
is given by

y" +y" " a+ab)

2
N O (S :cd)) mod mi; .

xm+1+y"+1=(y—a—xb,x2—c—xd)-(

To find the obstruction one has to lift and expand this factorisation as to be valid
mod m?; successively for all n > 2.
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